Abstract -In this paper we propose a finite volume discretization for the threedimensional Biot poroelasticity system in multilayer domains. For stability reasons, staggered grids are used. The discretization takes into account discontinuity of the coefficients across the interfaces between layers with different physical properties. Numerical experiments based on the proposed discretization showed second order convergence in the maximum norm for the primary and flux unknowns of the system. An application example is presented as well.
Introduction
The Biot poroelasticity system [2, 3, 19] describes coupled elastic deformations and diffusive flows in a porous medium. The system was first based on the phenomenological theory of consolidation [2] , and later it was rigorously rederived in terms of the homogenization theory [1] . The existence and uniqueness of the solution were analyzed in [18] . Apart from soil consolidation this system can model a number of other industrial and environmental processes of poroelastic nature.
The choice of the numerical method for the discretization of the poroelasticity system is not so obvious. Diffusion problems are mainly solved by finite volume methods, while elasticity problems are usually solved by finite element methods. The finite element methods currently dominate in solving the poroelasticity system (see, e. g., [12, 15] ). However, finite element solutions, as well as standard finite difference solutions of poroelasticity equations often show nonphysical oscillations on small times. A stable finite difference discretization at all t > 0 was proposed in [9] . There, as well as in the most works on poroelasticity, the case of homogeneous porous media is considered. However, soils, as well as many manufactured porous media, often have layered structures, with layers characterized by different porosity, permeability, mechanical, and other properties.
In [6, 16] , the approach from [9] was further developed for a 1-D poroelasticity model with discontinuous coefficients, based on finite volume discretization (method of balance) [17] . In the present paper, we propose a finite volume discretization of a three-dimensional poroelasticity system in a multilayer domain. The finite volume approach proposed in [17] for discretizing a scalar equation with discontinuous coefficients is not applicable to the elasticity or poroelasticity system in the multidimensional case because of the appearance of mixed derivatives. The approach we use in the present paper is based on the use of dual finite volume partitioning of the domain with respect to the flux variables. Interpolating piecewise-continuous polynomial functions, satisfying the interface conditions, are derived in each dual cell, and the fluxes are approximated by the respective derivatives of these polynomials. A similar approach was used earlier in discretizing scalar equations with discontinuous coefficients (see, e. g., [11] ). There is also a certain similarity with the approach from [5] , which, as well as [11] , treats scalar elliptic equations.
One more advantage of using the finite volume method instead of the finite element method is the following: we assume that the interface can cross the elements (cells). Finite element methods usually work on grids that resolve interfaces, the exception is [7] , where the interfaces are allowed to cross the elements. On the other hand, there is a variety of successful finite difference and finite volume approaches, where the interfaces are allowed to cross the grid cells, such as Immersed interface method, Explicit jump immersed interface method, Ghost fluid method etc. (see, e. g., [8, 13, 20] and references therein).
The structure of the method we use is as following. At the first stage, we follow the finite volume approach (method of balance) as described, for example, in [17] : we integrate the governing system of equations written in divergent form with respect to each element (control volume) of the basic grid, and, using the Gauss -Ostrogradski theorem, transform the volumetric integrals into surface integrals. Next, we use a simple cubature rule in order to approximate the surface integrals. Then, in each volume of the dual grids, we derive the interpolating, piecewise polynomial functions satisfying the interface conditions. These polynomials are considered as an approximation to the solution of our problem, and they are subsequently used to calculate the approximations to the fluxes.
The remainder of the paper is organized as follows. The Biot poroelasticity system and the interface conditions used are described in the next section. The third section is devoted to the finite volume discretization, it contains three subsections describing the introduced staggered grids and grid functions; the transformation of the governing equations into equations with respect to the fluxes; and the derivation of the interpolating polynomials in dual volumes. The fourth section presents the results of the numerical experiments. Finally, some conclusions are drawn.
Continuous problem formulation
The classical Biot model treats the consolidation of a linearly elastic porous solid in a domain Ω with boundary Γ. In this paper, we restrict ourselves to the case of a parallelepiped domain Ω. The porous medium is either fully saturated with a slightly compressible fluid or is almost fully saturated with an incompressible fluid.
The model can be written as the following system of partial differential equations:
where
is a second-order symmetric stress tensor and
is the fluid velocity vector, u = (u, v, w) is the displacement vector of the solid skeleton, λ and µ are the Lamé coefficients of the porous medium, p is the pore fluid pressure, φ is the porosity, β is the compressibility of the fluid, κ is the permeability of the porous medium, η is the fluid viscosity, I is a unit tensor, and f (x, t) is the source term describing, e. g., the process of injection or extraction. Certain initial and boundary conditions must supplement system (2.1). However, we do not focus on them here, but postpone their specification to the last section, where the conditions will be specified for each numerical experiment.
Further on, the coefficients of problem (2.1) may experience discontinuities across the interface z = ξ, and we assume them to be piecewise-constant:
Larger number of interfaces can also be considered, we restrict the considerations here to just one interface only for simplicity of the presentation. At the interface between the two media certain interface conditions linking the solutions in the two subdomains should be imposed to complete the model.
Under the assumption that despite the deformation and movement of the interface no solid mass is transported across it, we conclude that there is no jump in the normal component of the displacement of the porous skeleton, which means
We assume also that the subdomains do not slip with respect to each other, which means that at the interface the displacements of the porous skeleton in the directions tangential to the interface are the same in the both porous subdomains, which corresponds to the conditions
Mass conservation of the fluid phase across the interface requires the continuity condition
which is the continuity of the normal component of the fluid flux relative to the porous skeleton. Since the deformation in the porous medium is not produced by the stress in the porous skeleton alone, but by the fluid pressure as well, the stress conservation across the interface should be written for the porous medium as a whole in the form
We will also assume that the fluid pressure p is continuous across the interface
which reduces (2.7) to the condition
Summarizing conditions (2.4) -(2.6), (2.8), (2.9), we obtain the following continuity conditions at the interface ξ:
which is the continuity of the displacement, fluid pressure, normal component of the stress tensor of the porous skeleton, and normal fluid flux (see, e. g., [3, sec. 2.7.3; 4, 10] ). In the formulae above n stands for the unit normal to the interface, and [ q ] = q| z=ξ+0 − q| z=ξ−0 . Model (2.1), (2.10) can be rewritten as a system of PDEs with respect to the unknown displacement components u, v, w and the fluid pressure p. The nondimensional version of this system can be written as follows: 12) where scaling has been taken with respect to the characteristic length of the porous medium l, and some reference values λ 0 , µ 0 , κ 0 , η 0 , a 0 in the formulae
3. Finite volume discretization 3.1. Staggered grids and grid notations. To overcome stability difficulties that often arise when the discretization of the Biot model is done on collocated grids, the use of staggered grids was proposed in [21] . The pressure points of this grid are located on the physical boundary, and the displacement points are defined at the respective cell faces. In the three-dimensional case, a staggered grid is composed of the following four types of grid points:
For the time discretization we introduce a grid in time with a step-size τ
We introduce also the following grid functions:
respectively. The components of the discrete fluid flux and the discrete stress tensor are also defined at the appropriate grid points
We shall use the standard notations for the finite differences on a uniform mesh (see, e. g., [17] ):
The finite differences p y , pȳ, p z , pz, u y , uȳ, u z , uz, v x , vx, etc. are defined in a similar way. We introduce the finite difference in time p t = (p n+1 −p n )/τ, and will also use the notation
Weighted discretization in time, as applied to the second equation of (2.1), results in the following semi-discrete equation:
where σ is the so-called weight parameter. This discretization corresponds to the CrankNicolson discretization, if σ = 0.5 and to the fully implicit discretization if σ = 1, etc.
Integral form of the governing equations.
Following the finite volume method, we integrate the first equation of (2.1) and equation (3.2) with respect to the corresponding set of the control volumes
Applying then the divergence theorem to the integrated equations and taking into account the interface conditions (2.10), we transform the volume integrals into surface integrals and obtain the following system of integral equations:
where 
Next, we approximate the integrals over the volumes' faces in (3.3) -(3.6) by the midpoint rule and divide each equation by h x h y h z , which results in the following system of discrete equations:
(3.8)
3.3.
Polynomial approximation on the dual grid. Next, we approximate the fluxes of the problem (i.e., the stress tensor and the fluid velocity vector) and transform system (3.7) into a system of initial variables (i.e., p, u, v, w) only. For this purpose, we construct interpolating polynomials P (x), U(x), V (x), W (x) in the appropriately chosen sets of control volumes and then approximate the fluxes of the initial problem by the fluxes calculated on these polynomials.
Suppose that the index k int , 0 k int < N 3 is such that interface position is represented in the following way:
where the parameter 0 θ < 1. This representation will be used below in deriving the polynomials.
First, we construct polynomials P (x) for the pressure unknown in each volume
of the domain Ω. Note that the volume V
The approximations of the fluid flux components are calculated at the respective grid points according to the following formulae:
(3.10) We prescribe polynomials P (x) to be piecewise-trilinear in each volume intersected by the interface z = ξ and trilinear in the other volumes. In fact, these are the highest order polynomials belonging to the kernel of the diffusion operator. The interface intersects the volume V P (x) i,j,k in the case where the index k is such that z k < ξ < z k+1 , which is equivalent to k = k int (see representation (3.9)). The expression for such polynomials can be written as follows:
The unknown coefficients a
of the polynomial can be found from the following conditions that should be fulfilled:
1) interpolation at the vertices of the volume:
2) continuity of the polynomial across the interface: [P ] = 0 for any x ∈ V P (x) i,j,k int ∩{z = ξ}; 3) continuity of the normal fluid flux κ∂p/∂x calculated on the polynomial P (x) across the interface:
Solving the system defined by conditions 1) -3) above with respect to the unknown coefficients, we obtain the following expressions:
where p x , p xy , etc. are the notations introduced in subsection 3.1. Next, we substitute these coefficients into expression (3.11) and calculate the approximate components of the fluid velocity vector according to formulae (3.10) .
If the volume V
P (x)
i,j,k is not intersected by the interface, the interpolating polynomial P (x, y, z) is built just as an interpolation of the values in the nodes of the volume.
The resulting expressions for the fluid velocity components can be written in the following way:
where κ
Note that this approximation of the fluid flux in each direction is identical to the approximation of the flux in [17] , where one-dimensional diffusion equation with discontinuous coefficients is considered. In fact, our discretization can be derived as a tensor product of one-dimensional ones, but the approach we present here is more general. Next, we derive approximations of the stress tensor components needed for equations (3.7). For this purpose, we construct interpolating polynomials U(x), V (x), W (x) for each component of the displacement vector respectively. Then, the approximations of the stress tensor components are calculated at the appropriate grid points as follows: Let us consider now the following cubic volumes built on the nodes of the grids
14)
The volumes V
i,j,k are intersected by the interface z = ξ when the index k = k int , while the volume V
is intersected when k = k int and the parameter θ < 0.5 or when k = k int + 1 and θ > 0.5.
Next, we subdivide each of the volumes V
i,j,k into four subdomains: two pentahedrons and two tetrahedrons (see Fig. 3 .1 for the subdivision of the volume V U (x) ). 
,k+1
Then, we build interpolating polynomials U(x, y, z), V (x, y, z) and W (x, y, z) in the respective subvolumes. As is seen from formulae (3.13), the approximations of the stress tensor components S 11 , S 22 , S 33 should be calculated at the points {x i,j,k ∩Ω}, the component S 12 at the points {x i+0.5,j+0.5,k ∩ Ω}, the component S 13 at the points {x i+0.5,j,k+0.5 ∩ Ω}, and the component S 23 at the points {x i,j+0.5,k+0.5 ∩ Ω}. Hence, it is sufficient to build the polynomials U(x, y, z), V (x, y, z), and W (x, y, z) in the sets of pentahedrons from the subdivisions.
We choose these polynomials to be piecewise-linear, extended with one special piecewisebilinear term in all pentahedrons, intersected by the interface, and linear ones, extended with one bilinear term otherwise. Note that these are the highest order polynomials belonging to the kernel of the linear elasticity operator. There are two types of pentahedrons for each displacement component V
i,j,k . These pentahedrons have the following vertices: 5,j,k , x i+0.5,j,k , x i+0.5,j+1,k , x i+0.5,j,k+1 , x i+0.5,j+1 ,k+1 }, On finite volume discretization of the three-dimensional Biot poroelasticity system 315 , x i,j,k+0.5 , x i+1,j,k+0.5 , x i,j+1,k+0.5 , x i+1,j+1,k+0 .5 },
In the pentahedrons intersected by the interface (it happens if and only if the corresponding cubic volume is intersected), the polynomials should fulfill the continuity conditions on the interface.
Let us consider three such neighboring pentahedrons V
in the case where the parameter θ satisfies θ < 0.5. In this case, the interface ξ is located between the coordinates z k int and z k int +0.5 , and hence these three pentahedrons are intersected by the interface. The general representation of the polynomials in these tetrahedrons can be written as follows:
The unknown coefficients of polynomials (3.15) -(3.17) can be determined from the following conditions:
1) interpolation at the vertices of the pentahedrons
2) continuity of all displacement components across the interface
3) continuity of the normal components of the stress tensor across the interface
Conditions 1) -3) result in the following expressions for the coefficients of the polynomials (3.15) -(3.17):
Then, upon substitution of these coefficients into the expressions for the polynomials (3.15) -(3.17), we calculate the approximate stress tensor components using formulae (3.13).
In a similar way, we consider the case that θ 0.5. In the case where the pentahedrons are not intersected by the interface, the polynomials are derived only as interpolation of the values at the vertices. In the volumes adjacent to the boundary Γ, the proper boundary conditions are taken into account as well.
Summarizing all the cases mentioned above, the approximations for the stress tensor components can be written in the following way:
Now, we substitute the derived approximating expressions for the stress tensor components (3.18) and the fluid velocity components (3.12) into equations (3.7) and obtain a discrete system of equations for the unknown grid functions u, v, w, p
where a and f are calculated according to formulae (3.8) .
Note that finite volume methods are known for their property to preserve the fluxes of the problem and produce so-called conservative discretizations. The derived finite difference scheme (3.19) is hence conservative due to the derivation. Yet, the matrix of the obtained system can be nonsymmetric due to the specific averagings of the coefficients in the stresses S 11 , S 22 , and S 33 which can produce, e. g., different coefficients before the mixed derivative wz x (in the first equation) and before ux z (in the third equation).
To our knowledge, no such scheme has been derived before. In the case of constant coefficients, the scheme is identical with the finite difference scheme from [21] , where the Biot model in a homogeneous porous medium is considered.
Numerical experiments
In this article, we present a set of numerical experiments based on the discrete model (3.19) . First, we show that the derived method is exact for piecewise-continuous polynomials of certain order. Second, we study the convergence for both the basic unknowns of the problem (displacement components and pressure) and the fluxes of the problem (components of the stress tensor and the fluid velocity) with respect to an exact solution of a continuous problem. And finally, we consider certain physical phenomena that can be described by the Biot system with discontinuous coefficients (in this case, the exact solution is unknown) and calculate the physical characteristics of the process.
Example 4.1. This example shows that our method is exact if the solution of problems (2.11), (2.12) is represented by certain polynomials. In particular, these polynomials should be piecewise-linear, extended with one special piecewise-bilinear term for each displacement component, and piecewise-trilinear for pressure. E.g., the following polynomials are of this kind:
The initial conditions are prescribed from the exact solution and the values for the boundary conditions are calculated from the exact solution and are as follows:
After discretization (3.19 ) is performed, we vary the coefficients λ 1 , λ 2 , µ 1 , µ 2 , κ 1 , κ 2 and solve the obtained linear system with an iterative solver. The results of the experiments show that the solver always converges after the first iteration and produces a solution that is exact at the grid points. 
The exact solutions for the stress tensor and the fluid velocity vector are calculated using the solutions u ex , v ex , w ex , p ex according to formulae (2.2), (2.3) respectively. The boundary and initial conditions are calculated in the same way as described in Example 4.1. The right hand sides of the equations are calculated by substituting the exact solution into the system.
The following values of the parameters are chosen in this experiment: T = 0.001, ξ = 0.5001, and a = 0 (fluid is incompressible). We assign the time discretization parameter σ = 1, which corresponds to the fully-implicit discretization in time.
In our numerical experiments, we compare the numerical solutions calculated on different grids to the known analytical solutions and calculate the relative discrete L 2 -norm and the relative discrete maximum norm (C-norm) of errors of the solution.
In the experiments, we prescribe h x = h y = h z and use only one time step, i. e., τ = T . Since the time interval T is rather small, this means that the time step τ is rather small. Usually, the poroelasticity problem with a small time step is more difficult to solve numerically and it often results in artificial oscillations of the pressure at the first time steps of the process. Note that, on the other hand, a small time step guarantees that during the thickening of the mesh in space there is no dominance of the error part depending on the time step τ . 
Conclusions
In this paper, a finite volume discretization for the three-dimensional Biot poroelasticity system in a multilayer domain is proposed. This discretization specially takes into account for the discontinuity of the coefficients across the interface between subdomains with different physical properties. The numerical experiments, based on the proposed discretization, show second order convergence in the maximum norm of the primary and flux unknowns of the considered system. The method can also be used to model a certain physical process in a layered porous medium.
